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Abstract
In this paper the results from simulations performed using a hydrodynamic model proposed
by Artoni et al. [Chem. Eng. Sci. 64 (2009a), 4040-4050] have been compared with published data
of an extensive experimental investigation carried out at the Tel-Tek Research Institute in
Porsgrunn, Norway. The experiments collected several data and observations on the wall stresses
and the flow patterns observed during discharge of a full-scale funnel flow silo with and without
inserts. The comparison between simulation and experiments showed the ability of the model to
capture quantitatively the main features of both the flow and of the wall stress profiles when flow
corrective inserts are put in the hopper of the silo in order to convert the discharge regime to a mass
flow regime. Moreover information such as the stresses on the internals, which are difficult or
impossible to get experimentally, have been collected from the simulations and discussed.
Introduction
Industrial granular flows in confined geometries as those present in silos can present
important issues with respect to both the velocity and the stress fields. The discharge flow regime
might need to be improved in order to keep residence times of the material sufficiently uniform, to
avoid the formation of stagnant zones or to reduce segregation. This corresponds working in the
mass flow regime instead of the funnel or core flow regimes. Also the understanding and prediction
of stresses is crucial because of the need to prevent problems such as particles comminution,
arching or even silo collapse (Schulze, 2008). The most important distinguishing feature of mass
flow is that all the particles in the hopper of the silo start to move when the outlet is opened. A
hopper designed for mass flow is characterized by the relatively tall converging section with steep
walls, by the absence of sharp transitions and the relatively large outlet. For most purposes mass
flow is the preferable flow pattern. Silos with shallow hoppers, which are prone to induce funnel
flow, can be however encountered to store large amounts of material mostly when the headroom is
limited. One possibility for avoiding problems related to funnel flow is to promote mass flow by
retrofitting the hopper with specific inserts. An insert, when correctly designed and positioned, can
reduce stagnant zones in a silo with a relatively shallow hopper, leading to a flow pattern
approaching mass flow. Notwithstanding the existence of some design rules (Jenike,1966;
Johanson, 1968) challenges still remain in the design and the correct placement of an insert and
there is still too little knowledge about the effect of inserts on flow patterns and wall stresses (Härtl
et al., 2008). For example little changes in the vertical positioning of the insert are generally
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considered to dramatically change the internal flow patterns turning the stable and uniform mass
flow pattern into the undesired funnel flow. Recent experiments however (Härtl et al., 2008, Wójcik
et al. 2012) show that this is not always the case.
Most of the published experiments on the use of inserts are performed in small model silos (Tüzun
and Neddermann, 1985; Johanson and Kleysteuber,1966; Yang and Hsiau, 2001). The aim of this
work was to validate numerical simulations using the valuable source of experimental data on the
full-scale funnel flow silo published by the Tel-Tek Research Institute in Porsgrunn, Norway.
Simulating silo flow with models capable to predict velocity and stress profiles at full-scale
becomes important for design and operation since silo phenomena are known to be sensitive to
scale effects (Härtl et al., 2008).
Simulations can be carried out with two approaches: discrete and continuum. The first one,
known as DEM (discrete element method), models the dynamics of the medium at the particle
scale, applying force balances on each particle. Simulations of silos with inserts have been carried
out for example by Yang and Hsiau (2001) and Härtl (2008). Even if simulation capabilities are
growing fast, full size simulations using real particles are still unachievable. However DEM models
may provide useful and realistic information on the micro-mechanics of granular material at a
smaller scale. On the full-scale, continuum models may be an alternative where the relation between
velocity and stresses, i.e. the constitutive relation, has been treated with two approaches. The first is
based on elasto-plastic or hypoplastic theories (Wu et al., 2007; Kolymbas, 2000), which are used to
treat the irreversible deformation of granular solids. Alternatives are possible deriving the
constitutive relations from analogies with the behaviour of complex fluids, with the hypothesis that
the granular material can be treated as a pseudo-fluid with a suitable rheological behaviour. Among
the various rheologies proposed, the so called hydrodynamic models (Savage, 1998), developed
from analogies with the kinetic theory of gases, introduce a second-order closure, taking into
account the fluctuating part of the velocity field and its effects on the viscosity.
In this work, we use a phenomenological hydrodynamic model that was developed in a
previous work (Artoni et al., 2009a) on the basis of conservation equations and the mathematization
of some phenomenological observation peculiar to the dense (and not gas like) regime of flow such
as the dissipation of fluctuating energy due to friction. In that work it was shown that the model was
able to predict stress and flow profiles in a typical silo geometry in qualitative agreement with
empirical knowledge. A modified version of the model was also shown to predict hysteretical
behavior in inclined plane flows (Artoni, 2011a). In an other work the model was used to simulate
the behavior of a moving bed reactor with a shape close to that of a mass flow silo (Artoni et al.
2011b). Flow and wall stress profiles were quantitatively compared with good agreement to the data
from an extensive experimental campaign at a pilot plant scale.
The aim of this work is to go further by comparing the simulations obtained using the same
hydrodynamic model to full-scale data obtained from an independent source in relatively
complicated geometries such those represented by the flow corrective inserts in the hopper of a
funnel flow silo.
2 The model
In the following the assumptions of the model and its equations will be very briefly
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summarized. The reader interested in the details and in the full derivation of the model should refer
to the previously cited work (Artoni et al., 2009a).
2.1 Model outline
The flowing granular material can be modeled as a continuum pseudofluid through the
conservation equations for mass, linear momentum and translational kinetic energy. The effect of
the interstitial fluid have been neglected, the pseudofluid has been considered incompressible and
the stress tensor assumed symmetric. With these assumptions the conservation equations can be
written as:

where ρ is the bulk density, the velocity vector, p the isotropic part of the stress tensor,  the
deviatoric stress tensor, the gravity vector,  the granular temperature, qT and zT the diffusive flux
and the dissipation rate of fluctuating energy respectively. The granular temperature is related to the
local mobility of the particles and is defined as the mean square velocity fluctuation,
where is the fluctuating part of the velocity field. The conservation equations need to be closed
through some constitutive relations which make the pseudofluid to have the same phenomenology
as that of a flowing granular material. The fluctuating energy flux has been assumed to depend
linearly on the gradient of granular temperature:

where k', assumed constant, is a phenomenological parameter related to the diffusivity of fluctuating
energy. Savage (1998), extrapolating a result of Jenkins' kinetic theory, suggested k/ = const. This
however is not strictly valid in the dense regime under study. For this reason we preferred to
consider the diffusivity coefficient k as a constant that we proposed to scale with the bulk density, 
and particle size, dp, so that k/(dp2k'. The deviatoric part of the stress tensor  has been assumed
to follow the behavior of generalized Newtonian fluids (Bird et al., 2002), and can be summarized
by

The effective viscosity has been formulated to depend on granular temperature in such a way to
contain the phenomenology of the relationship between bulk fluidity and local mobility analogous
to that of glassy systems (Doolittle, 1951):
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where 0 represent an analogous of the pre-exponential factor in the Eyring's equation (Glasstone et
al., 1941) and * is a granular temperature scale parameter which we found to scale with gravity, g,
and particle size, dp, and can be written as *=k g dp (Artoni et al., 2011). Finally, the energy
dissipation rate was defined as:
where  represents an effective friction coefficient and was found to coincide with the tangent of
the internal friction angle of the material. In addition to define the rheology, also proper boundary
conditions have to be set down in order to simulate realistic configurations. In particular particles in
contact with a frictional wall usually exhibit a partial slip behavior resulting from their stick-slip
dynamics (Artoni et al., 2009b). In order to handle the partial slip, the use of Navier slip equation
characterized by the slip length  parameter has been proposed. The resulting phenomenological
model contains five parameters 0, k', μ, *, . and its implementation is general in a FEM or similar
solver.
2.2 Numerical implementation
The system of conservation equations, can be conveniently solved through any general purpose
PDE solver. Simulations were carried out with the commercial code Comsol Multiphysics 4.3a. A
triangular mesh was used. Mesh size inside the silo was 0.2 m and was thickened to 0.01m at silo
and inserts walls and at the outlet boundary. The solver used for simulation was PARDISO that it is
a direct solver. It solves large sparse symmetric and non-symmetric linear system of equations. The
direct solvers solve a linear system by Gaussian elimination. The accuracy of the solution of the
linear system was controlled by choosing the appropriate option from the check error estimate in
the CFD software. Momentum balance has been closed by Navier slip relation at the wall and by a
tangential stress free upper boundary, while the outlet velocity was fixed (this corresponds to the
experimental case where the material fall under gravity with a constant flow rate). In particular the
outlet velocity was fixed at 0.7 m/s corresponding to the average value calculated from the flow
rates in the experiments. For the fluctuating energy equation it was chosen to impose ‘insulation’
conditions at the walls and a fixed granular temperature at the top (determined as the average
temperature value in the cylindrical part of the pilot plant). For sake of simplicity during the
calculations the height of the material was supposed to be constant as if fresh material was
continuously fed at the top. For this reason the comparison with experimental data can be done at
the beginning of the discharge when the silo is almost completely full. In particular since the
discharge time was longer than 2 hours and the experiments (Wójcik et al., 2012) showed that after
15 minutes the stress profiles were relatively stable, this time has been taken as the instant at which
simulation were performed so that the simulated height of the material in the silo corresponded to
that after 15 minutes of discharge. As regards the strategy used to compare numerical and
experimental results, the parameters were fitted to reproduce the behavior of stress profiles in the
silo without internals, then the same parameters were used to test the predictions against data for
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granular flow in the silo with internals. Simulations were carried out on a notebook with an Intel
Core i5 CPU at 2.401 GHz with 6 GB RAM.
3. The Tel-Tek experiments
The experiments (Härtl et al., 2008; Wójcik et al., 2012) were performed in a full-scale cylindrical
silo 9.05 m high with an inner diameter of 2.52 m. The conical hopper was 1.25 m high, the
inclination angle to the vertical was 44 ° and the outlet material was 0.1 m. (Fig.1a). The emptying
rate was 17-25 m3/h.

Figure 1. Geometry of silo (a) and pressure cells position (b) (adapted from Wójcik et al., 2012)
The material used in the experiments was a dry and cohesionless crushed quartz sand. The
properties of the sand are resumed in Table 1.
Table 1. Material properties for the sand
Bulk density (kg/m3)
1370
Particle size (mm)
0.6-2
Angle of repose (°)
36
Wall friction angle (°)
17
The wall loads were measured with the aid of 10 pressure cells mounted along the walls, 7 in the
hopper (H1-H3,T4-T7) and 3 in the cylindrical part (C8-C10). Figure 1b shows the positions of
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pressure cells in the silo. To investigated the flow pattern, small markers with a diameter of 30 mm
were placed at fixed positions in the silo. During discharge, numbered markers passing through the
outlet were detected and the residence time for each marker was registered. The experiments were
performed in the silo without inserts and in the silo with inserts. Various insert type and position
have been investigated: double cone, inverted double cone, cone in cone, double cone in cone and
inverted cone. All the inserts used in the Tel-Tek experiments have been simulated, but in this paper
only those which gave significant results, according to Wójcik et al. (2012), will be considered and
will described in the following. The inverted double cone insert (DC I) was 1.62 m high with a
diameter of 0.6 m. The insert had a shorter upper cone of 30° to the vertical pointed upwards and a
taller upper cone of 15° pointed downwards. The bottom of the insert coincided with the bottom of
silo hopper. Two different cone-in-cone are reported in this work (CC I and CC III). The diameter of
cone in cone inserts at the bottom was 0.1 m; the diameter at the top was 0.86 m (CC I) and 1.3 m
(CC III). Its wall inclination to the vertical was 21° (CC I) or 31° (CC III). The distance between the
silo hopper and the bottom of internal cone was equal to 0.25 m for both the inserts (CC I-CC III).
The maximum diameter of the inverted cone IC I was equal to 50% of the silo diameter, the
diameter of inverted cone insert at the top was 0.1 m and its inclination to the vertical was 31°. The
distance between the silo hopper and the bottom of inverted cone was equal to 0.85 m.
4. Numerical results and discussion
In the following the procedure for calculations will be first described together with the estimation of
model parameters, and finally a comparison between modeling and experimental results will be
performed.
4.1 Parameter estimation
As explained in section 2.1 the model contains five parameters: 0, k', μ, *, . To compare the
simulations and the experiments some parameters have been fitted to reproduce the behavior of
stresses in the silo without inserts, then the same parameters have been used to test the prediction
against data obtained for granular flow in the silo with inserts, given that the material was the same
in all the cases. In particular the parameters calibration was based on the minimization of the
difference between the simulated stress profiles (in the silo geometry without inserts) and the
corresponding experimental wall stress data from literature with exception of the friction coefficient
µ which was fixed by the value of the internal friction angle of the sand. For cohesionless materials
indeed the relation μ=tan can be adopted (Artoni et al., 2009a) for μ, where  is the internal angle
of friction of the material assumed here to coincide with the angle of repose that was known from
the material property (Wójcik et al., 2007) (see Table 1). This approximation can be acceptable for a
free-flowing materials (Nedderman, 1992). The parameter μ was therefore assumed to be 0.55. The
slip length  can be considered a linear function of the particle diameter (Artoni et al., 2009a):  ≈
dp kλ. So kλ needed to be estimated since dp was known (the average between 0.6 and 2 mm was
adopted). For the complete physical interpretation of  however further experimental and numerical
work is necessary in order to calibrate its value on material and flow properties (Artoni et al., 2012;
Artoni et al., 2013). For 0, k', * a detailed and reliable microstructural theory proving the

© 2014. This manuscript version is made available under the CCBYNCND 4.0 license
http://creativecommons.org/licenses/byncnd/4.0/

Volpato, S., Artoni, R., Santomaso, A.C. Numerical study on the behavior of funnel flow silos with
and without inserts through a continuum hydrodynamic approach (2014) Chemical Engineering
Research and Design, 92, pp. 256263.
DOI: 10.1016/j.cherd.2013.07.030

connection between these variables and measurable physical properties is still to be developed so
that the model at this stage remains phenomenological. In Table 2 reports the values of parameters
fitted on the case without inserts and used for all the other simulations.
Table 2. Value of the parameters used for the simulations.
4
0 (1/s)
k' (1/s)
4
*
2
2
5
 (s /m )
kλ (-)
10.5
4.2 Silo without inserts
4.2.1 Flow profiles
The silo without inserts discharged in funnel flow regime with a considerable stagnant zone at the
hopper wall. Here only a qualitative comparison with experiments can be given since tracer
experiments identified the presence of the funnel but could not give the exact description of the
flow. In the simulations, for sake of visualization, three different zones have been identified in the
silo during discharge: a central rapidly flowing channel which was surrounded by a slowly flowing
zone and a stagnant zone near the silo wall. The transition between the zone was smooth and the
boundary values reported in Figure 2 have been arbitrarily chosen. In any case the comparison of
these maps with different geometric configurations can give information on the effects of the inserts
on the flow patterns as will be seen in the following. Also in the Tel-Tek experiments with the use
of the tracer three different zones where identified as did for simulation.

Figure 2. Flow profiles in silo without insert. Flow profile are given in terms of iso-velocity lines on
the left half of the silo. On the right half instead the three zone characterized by different velocity
ranges are identified.
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4.2.2 Stress profiles
For the stress profiles the comparisons have been possible on a more quantitative ground. It was
found a nice agreement between the simulated normal and tangential stresses at the wall and the
experimental ones as shown in Figure 3. The wall normal stresses, obtained through the CFD
model, had the typical features expected from a discharging granular material. In the cylindrical
upper section, the stress did not increase linearly with the depth but approached an asymptote. A
local switch stress peak occurred at the transition from the vertical section to the hopper. Below the
transition the stresses decreased again asymptotically towards zero at the hopper outlet. The stress
peak was well predicted in position and magnitude by the model.
In the tangential stress profile two peaks were observed: the lower corresponded to the transition
from the cylindrical section to the hopper; the upper corresponded to the transition from the flowing
granular material to the stagnant zone. These observations will be discussed with greater details also
in a dedicated section in the following.

Figure 3. Comparison between simulations and experiments for the normal and tangential stresses at
the wall in the silo without inserts.
4.3 Silo with double cone and cone in cone inserts
4.3.1 Flow profiles
Simulations with inserts in the silo showed the expected modification of the flow channel. In
particular, with the double cone insert (DC I, Figure 4a) the flow channel widened with respect to
the case without insert. Also with the cone in cone (CC I, Figure 4b) the flow channel changed and
the stagnant zone along the wall was drastically reduced. The double cone insert in particular
improved the discharge flow in the vertical upper section of the silo. However from Figure 4a it was
possible to observe that the stagnant zone at the hopper wall, even if reduced with respect to the
case without insert (Figure 2), it did not disappeared completely and the mass flow was not
achieved. Similar observation have been also reported in Tel-Tek experiments (Wójcik et al., 2012).
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Figure 4. Flow profiles in silo with: (a) double cone insert (DC I); (b) cone in cone insert (CC I).
Explanation of the colors is given in legend of Figure 2.
4.3.2 Stress profiles
The simulated results for the double cone and the cone in cone gave very similar stress profiles with
some difference at the transition between the cylindrical and converging part of the silo. The cone in
cone stress peak was lower than the one predicted for the double cone. Also in the experiments the
same decrease was observed (Figure 5).

Figure 5. Comparison between simulations and experiments for the normal stress on silo wall with
inserts CC I and DC I.
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In general there was agreement between the Tel-Tek experiments and the model predictions even
though the simulated stress peaks tended to slightly underestimate the experimental ones. It is
however remarkable that the difference (shift) of the stress peaks between the two silo
configurations is the same in the experiments and in the simulations suggesting that a separate
calibration of the parameters for the case with inserts would improve further the result.
4.4 Silo with inverted cone
4.4.1 Flow profiles
In the silo with inverted cone (IC I) the central rapidly flowing channel widened and the stagnant
zone decreased with respect to the configuration without insert. However the flow did not convert
completely from funnel flow to mass flow (Figure 6a). A similar result was also reported in the TelTek experiments. A residual small stagnant zone concentrated on transition zone. The flow profiles
above the insert obtained with IC I were similar to that obtained with IC I.

Figure 6. Flow profiles in silo with: (a) inverted cone insert (IC I); (b) cone in cone insert(CC III).
Explanation of the colors is given in legend of Figure 2.
4.4.2 Stress profile
The simulated normal wall stress profiles with IC I are reported in Figure 7 with the corresponding
experimental data. There was good agreement between data and model predictions, also in the
transition zone. However a secondary peak appeared in the simulations just above the outlet. This
was an artifact of the simulations. In the experiments, below the IC insert type indeed a void
volume is expected to exist. This void is bounded above by the presence of the insert and is
bounded below by two converging free surfaces of sand (with slope equal to the angle of repose).
The continuum model however is not able to simulate such internal void volume and as a
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consequence the flow profile and the stresses below the insert are for this configuration unrealistic.

Figure 7. Comparison between simulations and experiments for the normal stresses on silo wall
with inserts CC III and IC I.
4.5 Silo with cone in cone inserts
4.5.1 Flow profiles
Cone in cone inserts (CC I and CC III) both widened the flow channel but did not remove the
stagnant zone completely (Figures 4b and 6b). CC I has already been discussed above. CC III
performed worse in comparison to CC I. It can indeed be observed that while CC I eliminated
almost completely the stagnant material at the wall in the cylindrical part of the silo, in the CC III
case instead a stagnant zone of material was present along all the silo wall.
4.5.2 Stress profiles
As already discussed the inserts CC I gave slightly smaller stress peaks than experiments. For CC
III there was a good fitting along all the silo wall (Figure 7) excepted at the junction between the
cylindrical part and hopper where the tendency to underestimate the experimental peak stress was
larger than for CC I. It has to be noted however that the general trend was captured since for CC III
also in the experiments a sensible decrease of the peak stress was registered (maximum stress <20
kPa). It has also to be noted that the model was calibrated on the case without inserts. A dedicated
calibration for each geometry would have improved the quality of the fitting.
5. Further results from the simulations
The possibility of simulating the flow gives the possibility of performing observations which can be
difficult or impossible to collect from the experiments. In the following tangential wall stresses will
be related to the mobility of the material using the granular temperature maps and the stress profile
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on the internal inserts will be briefly discussed.
5.1 Tangential stresses
Tangential stresses at the wall can give information on the internal flow patterns. In Figure 3 the
tangential stress in the silo without inserts was reported. Here in Figure 8a and 8b a portions of the
same profile at the hopper transition are compared to the granular temperature  map. Granular
temperature is a local measure of the mobility of the pseudo-fluid so that for example a decrease of
 (‘cooling’) corresponds to a decrease of the shear inside the material.

Figure 8. Tangential stresses (a, c) and granular temperature maps (b, d) for the silo without insert
and the CC I insert.
In Figure 8a two peaks of the tangential stress can be observed: the first corresponds to the
transition from the cylindrical section of the silo to the hopper, while the second (upper) can be
associated to the transition of the granular material from the flowing to the stagnant zone where a
change of direction of the flow occurred. This was confirmed by the observation of Figure 8b where
at the wall above the junction there was a strong negative gradient of granular temperature. With the
CC I insert the second peak in the tangential stress profile (Figure 8c) disappeared. The
corresponding granular temperature map (Figure 8d) showed indeed that the cooling was very
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limited and almost all the material was sheared.
5.2 Stresses on inserts
Information on the stresses exerted by the moving sand on the inserts were not available from the
experiments since pressure cells were placed only on the external walls of the silo. The simulations
however allowed us to obtain stress information also on the inserts wall. In Figure 9 these profiles
are collected for the double cone insert (DC I), for the cone in cone insert (CC I) and for the
inverted cone insert (IC I). At the top of the inserts where the sand starts to weight on the wall of the
inserts there was an abrupt increase of the normal stresses which reached a maximum. This
maximum value was clearly different for each type of geometry: it was maximum for the DC I and
minimum for the IC I. Then going towards the outlet the stresses changed with different trends
depending on the insert type. They decreased for DC I and CC I while remained almost constant for
IC I.

Figure 9. Normal stress on insert walls
The double cone geometry, DC I, in particular was characterized by fast decreasing stresses on the
upper cone wall followed by an abrupt decrease at the transition with the lower cone and then by a
slow decrease to zero at the outlet of the silo.
6.Conclusions
In this work a continuum model was used to simulate the dense flow of dry sand in a full-scale silo
with a shallow hopper operating in funnel flow. The effect of flow corrective inserts was studied.
The results of the simulations have been presented in terms of flow patterns and wall stresses during
the emptying of the silo with and without inserts. The simulations have been compared with
experimental data from literature. The model was first calibrated on data without inserts and then
used to predict the flow and stress profiles for the case with inserts. The results showed that model
can capture qualitatively and quantitatively several aspects of the flow and of the stress profiles.
© 2014. This manuscript version is made available under the CCBYNCND 4.0 license
http://creativecommons.org/licenses/byncnd/4.0/

Volpato, S., Artoni, R., Santomaso, A.C. Numerical study on the behavior of funnel flow silos with
and without inserts through a continuum hydrodynamic approach (2014) Chemical Engineering
Research and Design, 92, pp. 256263.
DOI: 10.1016/j.cherd.2013.07.030

The model, once accurate calibration of the parameters is provided, demonstrated the potential of
being used as a predictive tool. Furthermore the model allowed to obtain information on the internal
stresses (on the inserts for example) and on the material mobility which are difficult to obtain by
experiments and can be relevant for design purposes. However several aspects remains to be
explored. On the model side further experimental and numerical work (for example DEM
simulations) are required in order to better define the physics which underlies some of the
parameters of the model. On the simulation side since the model has demonstrated the ability of
simulating steady state flow conditions in relatively complicated silo geometries a future
improvement will be the simulation also of the non-steady condition created by the presence of a
moving interface between solid and air while the silo is emptying.

List of symbols
dp = mean particle diameter
g = gravity
k = coefficient of diffusion of the fluctuating energy
k'= parameter in the diffusion coefficient of fluctuating energy
K = fluctuating energy diffusivity tensor
k λ = dimensionless slip length parameter
p = isotropic part of the stress tensor (pressure)
qT = energy flux
v = average velocity field
v = fluctuating velocity field
zT = dissipation rate of mechanical energy
Greek letters
γ = shear rate
'= non-Newtonian viscosity coefficient
0 = parameter in the viscosity coefficient
= granular temperature
*= granular temperature scale in the viscosity coefficient
λ = slip length
 = effective friction coefficient
π = deviatoric stress tensor
ρ = bulk density
τ = shear stress
= angle of internal friction
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